Abstract. We construct a sequence of compact embedded minimal disks in a ball in R 3 with boundaries in the boundary of the ball and where the curvatures blow up only at the center. The sequence converges to a limit which is not smooth and not proper. If instead the sequence of embedded disks had boundaries in a sequence of balls with radii tending to infinity, then we have shown previously that any limit must be smooth and proper.
Introduction
Consider a sequence of compact embedded minimal disks Σ i ⊂ B Ri = B Ri (0) ⊂ R 3 with ∂Σ i ⊂ ∂B Ri and either (a) R i equal to a finite constant, or (b) R i → ∞. We will refer to (a) as the local case and to (b) as the global case. Recall that a surface Σ ⊂ R 3 is said to be properly embedded if it is embedded and the intersection of Σ with any compact subset of R 3 is compact. We say that a lamination or foliation is proper if each leaf is proper.
We will be interested in the possible limits of sequences of minimal disks Σ i as above where the curvatures blow up, e.g., sup B1∩Σi |A| 2 → ∞ as i → ∞. In the global case, Theorem 0.1 in [CM2] gives a subsequence converging off a Lipschitz curve to a foliation by parallel planes; cf. Figure 1. In particular, the limit is a (smooth) foliation which is proper. We show here in Theorem 1 that smoothness and properness of the limit can fail in the local case; cf. Figure 2 .
We will need the notion of a multi-valued graph; see Figure 3 . Let D r ⊂ C be the disk in the plane centered at the origin and of radius r, and let P be the universal cover of the punctured plane C \ {0} with global polar coordinates (ρ, θ) so ρ > 0 and θ ∈ R. An N -valued graph on the annulus
In Theorem 1, we construct a sequence of disks Σ i ⊂ B 1 = B 1 (0) ⊂ R 3 as above where the curvatures blow up only at 0 (see (1) and (2)) and Σ i \ {x 3 -axis} consists of two multi-valued graphs for each i; see (3). Furthermore (see (4)), Σ i \ {x 3 = 0} converges to two embedded minimal disks Σ − ⊂ {x 3 < 0} and Σ + ⊂ {x 3 > 0}, each of which spirals into {x 3 = 0} and thus is not proper; see Figure 2 . Figure 1 . The limit in a ball of a sequence of degenerating helicoids is a foliation by parallel planes. This is smooth and proper.
Figure 2. A schematic picture of the limit in Theorem 1 which is not smooth and not proper (the dotted x 3 -axis is part of the limit). The limit contains four multi-valued graphs joined at the x 3 -axis; Σ ( License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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It follows from (4) that Σ i \ {0} converges to a lamination of B 1 \ {0} (with leaves Σ − , Σ + , and B 1 ∩ {x 3 = 0} \ {0}) which does not extend to a lamination of B 1 . Namely, 0 is not a removable singularity.
The multi-valued graphs that we will consider will never close up; in fact they will all be embedded. The most important example of an embedded minimal multivalued graph comes from the helicoid. The helicoid is the minimal surface Σ in R 3 parametrized by (s cos t, s sin t, t), where s, t ∈ R. Thus Σ \ {x 3 -axis} = Σ 1 ∪ Σ 2 , where Σ 1 , Σ 2 are ∞-valued graphs on C \ {0}. Σ 1 is the graph of the function u 1 (ρ, θ) = θ and Σ 2 is the graph of the function u 2 (ρ, θ) = θ + π.
We will use standard (x 1 , x 2 , x 3 ) coordinates on R 3 and z = x + i y on C.
and s > 0, the ball in R 3 is B s (p). K Σ is the sectional curvature of a smooth surface Σ. When Σ is immersed in R 3 , then A Σ will be its second fundamental form (so when Σ is minimal, then
When Σ is oriented, n Σ is the unit normal.
Preliminaries on the Weierstrass representation
Let Ω ⊂ C be a domain. The classical Weierstrass representation (see [Os] ) starts from a meromorphic function g on Ω and a holomorphic one-form φ on Ω, and associates to them a (branched) conformal minimal immersion F : Ω → R 3 by
Here z 0 ∈ Ω is a fixed base point and the integration is along a path γ z0,z from z 0 to z. The choice of z 0 changes F by adding a constant. We will assume that F (z) does not depend on the choice of path γ z0,z ; this is the case, for example, when g has no zeros or poles and Ω is simply connected. The unit normal n and Gauss curvature K of the resulting surface are then (see sections 8, 9 in [Os] )
Since the pullback F * (dx 3 ) is Re φ by (1.1), φ is usually called the height differential. By (1.2), g is the composition of the Gauss map followed by stereographic projection.
To ensure that F is an immersion (i.e., dF = 0), we will assume that φ does not vanish and g has no zeros or poles. The two standard examples are
The next lemma records the differential of F . Lemma 1. If F is given by (1.1) with g(z) = e i (u(z)+iv(z)) and φ = dz, then
2. The proof of Theorem 1
To show Theorem 1, we first construct a one-parameter family (with parameter a ∈ (0, 1/2)) of minimal immersions F a by making a specific choice of Weierstrass data g = e iha (where h a = u a + i v a ), φ = dz, and domain Ω a to use in (1.1). We show in Lemma 2 that this one-parameter family of immersions is compact. Lemma 3 shows that the immersions F a : Ω a → R 3 are embeddings.
y-axis i a
x-axis For each 0 < a < 1/2, set (see Figure 4 )
Note that h a is well-defined, since Ω a is simply connected and ±i a / ∈ Ω a . For future reference,
Here (2.3) used (1.3). Note that, by the Cauchy-Riemann equations,
In the rest of this paper we let F a : Ω a → R 3 be from (1.1) with g = e i ha , φ = dz, and z 0 = 0. Set Ω 0 = a Ω a \ {0}, so Ω 0 = {(x, y) | 0 < |x| ≤ 1/2, |y| ≤ |x| 3/2 /2}; see Figure 5 . The family of functions h a is not compact, since lim a→0 |h a |(z) = ∞ for z ∈ Ω 0 . However, the next lemma shows that the family of immersions F a is compact.
Lemma 2. If a j → 0, then there is a subsequence a i for which F ai converges uniformly in C
2 on compact subsets of Ω 0 .
Proof. Since h a and −1/z are holomorphic and
we get easily that ∇h a converges as a → 0 to ∇(−1/z) uniformly on compact subsets of Ω 0 . Since each v a (x, 0) = 0, the fundamental theorem of calculus gives that the v a 's converge uniformly in C 1 on compact subsets of Ω 0 . (Unfortunately, the u a 's do not converge.)
Let Ω (A) The horizontal slice {x 3 = t} ∩ F a (Ω a ) is the image of the vertical segment {x = t} in the plane, i.e., x 3 (F a (x, y)) = x; see (2.6).
(B) The image F a ({x = t} ∩ Ω a ) is a graph over a line segment in the plane {x 3 = t} (the line segment will depend on t); see (2.7).
(C) The boundary of the graph in (B) is outside the ball B r0 (F a (t, 0)) for some r 0 > 0 and all a; see (2.8). 
Lemma 3.
x 3 (F a (x, y) 
Proof. Since z 0 = 0 and φ = dz, we get (2.6) from (1.1). Using y 2 < (x 2 + a 2 )/4 on Ω a , (2.2) and (2.4) give
Set γ x,a (y) = F a (x, y). Since v a (x, 0) = 0 and cos(1) > 1/2, combining (1.7) and (2.11) gives
Here γ x,a (y) = ∂ y F a (x, y). By (2.12), the angle between γ x,a (y) and γ x,a (0) is always less than π/2; this gives (2.7). Since v a (x, 0) = 0, integrating (2.10) gives (2.13) min
Integrating (2.12) and using (2.13) gives (2.14)
Since lim s→0 s 3 e s −1 /11 = ∞, (2.14) and its analog for γ x,a (−y x,a ) give (2.8).
Corollary 1. See Figure 7 . Let r 0 be given by (2.8).
Proof. Equations (2.6) and (2.7) immediately give (i).
Since z 0 = 0, F (0, 0) = (0, 0, 0). Integrating (1.6) and using v a (x, 0) = 0 then gives (ii).
By (1.2), F a is "vertical," i.e., n, (0, 0, 1) = 0, when |g a | = 1. However, |g a (x, y)| = 1 exactly when y = 0, so that, by (ii), the image is graphical away from the x 3 -axis. Combining this with (2.8) gives (iii).
Corollary 1 constructs the embeddings F a that will be used in Theorem 1, and shows property (3). To prove Theorem 1, we need therefore only show (1), (2), and (4).
Proof of Theorem 1. By scaling, it suffices to find a sequence Σ i ⊂ B R for some R > 0. Corollary 1 gives minimal embeddings F a : Ω a → R 3 with F a (t, 0) = (0, 0, t) for |t| < 1/2, and so (3) holds for any R ≤ r 0 . Set R = min{r 0 /2, 1/4} and Σ i = B R ∩ F ai (Ω ai ), where the sequence a i is to be determined.
To get (1), simply note that, by (2.3), |K a |(0) = a −4 → ∞ as a → 0. We next show (2). First, by (2.3), sup a sup {|x|≥δ}∩Ωa |K a | < ∞ for all δ > 0. Combined with (3) and Heinz's curvature estimate for minimal graphs (i.e., 11.7 in [Os] ), this gives (2). 
